In this paper, we investigate the impact of the fiscal system on wealth redistribution in Germany, Greece, and Italy. We demonstrate the application of the model to the data of the quoted countries. We obtain the gross income distributions by starting from the net income distributions downloaded from the Eurostat website and by using the individual income tax rates of each country. We evaluate the Dynamic Theil's Entropy that allows us to recover the total inequality between the net and gross income distributions for each of these countries. Such a comparison allowed us to understand how the fiscal systems affect wealth distribution. These results can be used for planning welfare policies.
Income inequality can be measured by means of econometric indices. The most common are the Gini index and Theil's entropy.
Henri Theil (1967) introduced Theil's Entropy as an alternative measure of income inequality. This index is popular because of its several desirable properties. Of these properties, we use additively decomposability inequality to obtain the values of the indices related to the three European countries of interest. In the whole population, the Theil's index can be additively decomposed to the inequality between the subgroups and to a weighted average of the inequality within each group.
Guglielmo D'Amico and Giuseppe Di Biase (2010) recently generalized Theil's Entropy by taking into account the random time evolution of the agents' incomes. This led to the formulas for the general dynamic inequality and the concentration indices.
In this paper, we investigate the impact of the fiscal system on wealth redistribution in the population for each of the considered countries. We could recover the gross income distributions by using the individual income tax rates in these countries over the net income distributions. Then, by following the methodological approach by D'Amico, Di Biase, and Raimondo Manca (2012), we compute the Dynamic Theil's Entropy.
Fiscal policy could be a fundamental tool of macroeconomic policy that can decrease income inequality by favoring the redistribution of the wealth.
With the aim of producing an approach that unifies the previous two lines of research, D'Amico and Di Biase (2010) proposed the use of a semi-Markov process to compute inequality indices dynamically. Indeed, with the dynamic inequality indices, it is possible to justify the changes in the indices even when the population composition varies over time, which is a limitation of the static inequality measures. Actually, the static measures represent a simple snapshot of the economy and further, they are unable to capture the source of income variability over time. Additionally the static approach disregards the dependence within the sequences of incomes and is not able to describe the population dynamic given that it does not make use of a transition probability matrix that describes the agents' income evolution.
The economic inequality measures provide information that can be useful to promote the process of economic integration among different countries. A concrete example is the process of European integration, which was well exposed by Božo Stojanović (2011) .
Moreover, it is well recognized that economic integration can be promoted by an adequate fiscal policy, see for example, Miroslav Prokopijević (2010) and Philip Arestis (2011) .
Based on the above subjects and the related literature, in this paper we try to fill the gap by deriving an income dynamic model that takes into account the effects of fiscal policy on wealth inequality.
Dynamic Theil's Entropy
Nowadays, it is important to forecast income inequality. A simple way to achieve this is by considering the pattern of a generic static inequality index, such as, Theil's Entropy.
However, the use of the dynamic version of the Theil's index is highly instructive with respect to the consideration of the pattern of the static inequality index. The static approach indeed presents at least two disadvantages with respect to our approach.
First, it disregards the dependence within the sequences of incomes owing to the presence of an underlying Markov chain that drives income evolution.
Second, the estimation of all transition probabilities that are required in our approach provides valuable information about the evolution of the population shares in each class and thus, the mobility in the distribution. Policy makers could use this additional information for planning welfare policies.
Let us assume a system of N economic agents that at each time , t  each produces a quantity ( )
We classify each agent by allocating it, at each time
Step 2 in Section 3 for a specific choice of the map. This permits the recovering of N time series of states of E :
where ( ) r C t represents the income class of the r-th agent at time t . Individual sample paths are observed in the data (1), which are often called microdata.
and suppose that such time series are realizations of a discrete time Markov chain with a transition probability matrix P whose element ij p denotes the probability that an agent now allocated in i C will enter the next allocation j C .
It represents the average wealth of agents in class j C . We assume that each time an agent is in state j C , it produces a wealth equal to j C y .
Let us introduce a population structure at 0
k C C C n n n n  and let ( (0)) j C a n be the initial share of income due to class j C :
We define the process
K C C C a n t a n t a n t a n t  which describes the time evolution of the shares of income among the classes of population:
n t y a n t n t y    In its static form, Theil's entropy was defined in Theil (1967) by
Given the population configuration n at time 0 t  and the vector of average incomes ( ) y t , the Dynamic Theil's Entropy is the stochastic process:
T t a n t Ka n t
The first moment can be evaluated by:
P n t n n n a n t K a n t K a n t N P t a n t n
where p.c. is the set of all possible population configurations,
p are the t-step transition probabilities of the Markov chain.
Notice that the static form of the Theil's entropy makes provision for share of incomes that are numbers, whereas that of the dynamic Theil's entropy uses stochastic processes. Additional details on the Dynamic Theil's Entropy can be found in D'Amico and Di Biase (2010).
Data and Methodology of Application
To apply the model, we should retrieve the series of microdata concerning agent income evolution. If the individual sample paths (1) are observed, then, the transition probability matrix P can be estimated by its maximum likelihood estimator; see for example, Theodore W. Anderson and Leo A. Goodman (1957) . From the theoretical point of view, the use of microdata poses no problem, but from a practical point of view, the analyst should consider that it is computationally and economically not convenient to work with all sample paths of agents in a country because they are of the order of tens of millions and therefore, sampling techniques should be applied. PANOECONOMICUS, 2013, 6, pp. 707-723 For these reasons, we propose here a methodology based only on some macrodata, from which we recover the estimation of the probability matrix P and the expected value of the Dynamic Theil's Entropy   ( ) e E T t . The procedure is simple and can be replicated because input data are widely available. It is important to point out that our procedure, based on macrodata, could be combined with microdata to improve the accuracy of estimation when using the microdata. This is confirmed by previous studies in combining macro-and micro-data in microeconometric models as stated by Guido Imbens and Tony Lancaster (1994) . They affirmed "...the reason (of the improvement) is that the aggregate variables give information with little or no sampling error about the averages of the micro variables."
We used macrodata downloaded from the Eurostat website (http://epp.eurostat.ec.europe.eu/) on the averages and medians of the net incomes, (see Table 1 ). We adapt the procedure proposed in D'Amico, Di Biase, and Manca (2012) to gross income distributions to implement the model by means of our macrodata.
Step 1: Recovering the net income distribution Assume that net incomes follow a lognormal distribution function. This hypothesis is supported by the offices for national statistics of the countries. This hypothesis allows recovering the parameters of the distribution once we know its average and median. If the random variable X is lognormally distributed with parameters  and  , then its probability density function is given by and, consequently, the distribution of the income within the country.
Step 2: Building the states
We consider a five states-Markov chain model and allocate each agent in one of the states according to the following rules:
If an economic agent has less than a quarter of the country's average per capita income ( 0.25 r ), then it is considered poor (class 1 C ); If the agent has an income between a quarter and one-half of the country's average per capita income, then it is considered medium-poor (class 2 C ); If the agent has an income between one-half and the country's average per capita income, then it is considered medium (class 3 C ); If the agent has an income between the country's average per capita income and its double, then it is considered medium-rich (class 4 C ); If the agent has an income more than the double of the country's average per capita income ( 2 r ), then it is considered rich (class 5 C ). The bounds are those proposed by Quah (1996) and represent a reasonable subdivision.
Step 3: Computing net income of classes Step 5: Estimation of probability matrix P 
( 1) 
Step 6: Recovering the gross income distribution
For each country, we retrieved the tax rates of the year 2011 and the tax bases. We report them in Table 2 . This table summarizes the fiscal systems in force in Germany, Greece, and Italy in 2011. Indeed, the table shows the percentage of taxes computed over the gross income brackets reported on the same line that people in each country have to pay. We considered the following computations to reconstruct the gross income distribution.
Denote by 
Step 7 Step 8: Repetition of Steps 2 to 5 by considering the gross income distributions obtained at Steps 6 and 7
As explained in the previous steps, the methodology of application assumes that a time homogeneous Markov chain with the transition probability matrix P describes the income dynamic. Under this assumption the probability   agent is in at time agent was in at time 1
is independent of t . This implies that, P is the probabilistic representation of the economy for any time t once the matrix P was estimated with data from 2005 to 2008. Then, to execute forecasts starting from 2012, we need to fix the fiscal system in force in 2011 and assume that it will not change.
Results
We implemented the procedure described in Section 3 for each country.
Germany
The one-step transition probability matrices for the net and the gross income dynamics were obtained by implementing the systematic procedure proposed in Section 3 and they are the following: 
Matrix 1 P expresses the transition probabilities related to the net income dynamic, whereas matrix 2 P refers to the gross income dynamic. For example, the value 0.896 in 1 P expresses the probability that an agent in the class of net income 1 C in this year will get to the class of net income 1 C in the next year and the value 0.078 in 2 P expresses the probability that an agent being in this year in the class of gross income 5 C will get to the class of gross income 4 C in the next year.
As can be seen from the matrices 1 P and 2 P , the income dynamic processes show high persistence, indeed, the matrices are both diagonally dominant and monotonic. Figure 1 shows the forecasting for the Dynamic Theil's Entropy for the net and gross incomes for the next 10 years in Germany. Both forecasts express a decreasing inequality. This means that the economy of Germany is moving towards a fairer wealth allocation among the classes. The introduction of the fiscal system decelerates this convergence towards a fairer income distribution. In particular the comparison between the values computed on the net income (grey line) and those computed on the gross income (black line) allows us to understand how the fiscal system affects the wealth distribution in Germany.
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Legend: x-axis is t (time in years), y-axis is the expectation of the Dynamic Theil's Index.
Source: Authors' estimations. 
Greece
As for Greece, the transition probability matrices are: 
The values show a very strong immobility in Greek society. Matrices 3 P and 4 P show that each class represents a cluster. Indeed the probabilities of migration among the classes are very low. This implies that poor agents tend to remain poor and rich agents tend to remain rich. Both matrices 3 P and 4 P are both diagonally dominant and monotonic. It is noteworthy that the introduction of the fiscal system tends to increase the probability to move towards a poorer class in the next period in spite of a very small quantity of probability.
Source: Authors' estimations. Figure 2 shows the forecasting of the expectation of the Dynamic Theil's Entropy for the net and gross incomes in Greece. The inequality in the net income (grey line) distribution is approximately constant in time with a tendency to rise slowly. The inequality in the gross income (black line) distribution is markedly lower and exhibits a decreasing path.
Italy
The transition probability matrices for Italy are the following: 
The matrices are diagonally dominant and monotonic as well. It is noteworthy that, in the net income case, approximately 25% of the agents in class 5 C tend to move towards the poorer class 4 C . This percentage decreases to 18.6% in the gross income dynamic. The opposite happens for the other classes 1 4 C C  . In these classes the gross income is less persistent than the net income.
The graphical results shown in Figure 3 lead to the following remarks. The inequality is growing in time for both the net income (grey line) and gross income (black line). Among the considered countries, Italy registers the fastest growth in terms of inequality. The introduction of the fiscal system does not mitigate this increase and it is unable to invert this trend.
A decision maker involved in the policy of economic planning aiming to reduce the initial inequality value of 0.52 has to consider that, ceteris paribus, the inequality will grow further than 0.52 and, therefore, an intervention that is more effective should be planned.
Source: Authors' estimations. The inequality in the net income was higher than the inequality in the gross income for all the considered countries and this is a surprising result. The reason is that, in our model, the Theil's index related to the net and gross distributions are computed by changing the size of the population classes. This happens because, for example in the poorest class 1 C (net), we allocated all the agents having less than one-quarter of the net country's average per capita income. Instead when working with the gross distribution, in the class 1 C (gross), we allocated all the agents having less than one-quarter of the gross country's average per capita income. The number of economic agents that belong to class 1 C (net) and class 1 C (gross) is not the same depending on the specific tax rates and tax bases of the countries. This implies a different population configuration for all the classes and for all the years. Obviously, this fact influences the transition probability matrices and the dynamic Theil's entropy. On the contrary, if we had built the model by considering one of the following two alternative schemes: a. fix the monetary bounds of the classes ( 0.25 , 0.5 , , and 2 r r r r) to be the same in both the case of net and gross incomes; and b. fix the monetary bounds such that the numbers of agents in i C (net) and i C (gross) are equal; then, certainly, the inequality in the net distribution would be less than the inequality in the gross distribution.
Conclusions
In this paper, we have explained a stochastic model of income inequality. The application of the model requires microdata series of income. We have proposed a general procedure based only on the averages and the medians of the income of each country. These data are widely available and can be considered very accurate. In particular, we analyzed the Eurostat data concerning the three European countries: Germany, Greece and Italy.
We retrieved the tax rates and tax bases for these countries and then, we recovered the gross income distributions. We applied the model to compare the inequalities in the net and gross income distributions. We could measure the wealth redistributive effects caused by the fiscal system from the distances between the curves in the figures.
The results of the application showed different types of temporal evolution of the index. In Germany, the index, forecasting on the gross and net distributions, reveals a decreasing and convex shape. In Greece, the inequality forecast of the net distribution is quite flat, whereas that which is computed on the gross distribution is decreasing. The two curves tend to move away from each other. On the contrary, in Italy, we expect the inequality to grow in time for the net and gross distributions.
Moreover, since the model provides a forecast of the inequality in the population on a given horizon of time, a policy maker can use it to implement a fiscal system that is able to achieve the desired inequality. A study toward this objective will be our next work. Finally, our model gives a complete description of the probabilistic evolution of shares of income and it is able to study all kinds of functions of the variables ( ( )) a n t . For this reason, the model can be easily extended to the Gini index as it also depends on the shares of income through a specific functional relation that is different from that of the Dynamic Theil's Entropy.
Possible avenues for future development of our model include: a) the application of the model to microdata and the integration of the micro-and macro-data; b) the consideration of an interdependence relationship in population dynamics; c) the construction of a geographical model; and d) the stochastic orders of the processes involved.
